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ABSTRACT: With the aim of simulating the behavior of saturated sand with initial static shear (i.e., sloped ground) 
undergoing undrained cyclic loading, which leads to liquefaction and large cyclic shear strain development, an elasto-
plastic constitutive model which can describe both monotonic and cyclic torsional shear behaviors of saturated sand 
under drained and/or undrained conditions is presented. It can simulate qualitatively the stress-strain relationship and 
the effective stress path, even after the specimen enters fully liquefied state. To verify its effectiveness, the proposed 
model is employed to simulate the results of a series of hollow-cylindrical torsional shear tests on loose Toyoura sand 





In the last few decades, there has been the need to 
develop efficient and economic countermeasures against 
liquefaction in order to decrease seismic damage to 
buildings, infrastructures and lifeline facilities as well as 
natural and artificial slopes. In order to satisfy such 
needs, it is definitely required to incorporate a more 
elaborate constitutive model into numerical codes which 
can describe the liquefaction behavior of sand during 
cyclic loading.  
 
The aim of this paper is to propose an elasto-plastic 
constitutive model which makes it possible to simulate 
the effects of initial static shear (i.e., slope ground 
conditions) on the undrained cyclic behavior of 
saturated sand, which leads to liquefaction-induced 
failure of natural and artificial slopes and consequent 
large shear strain development.  
 
The constitutive model presented herein consists of an 
improvement of the one developed at the Institute of 
Industrial Science (IIS), University of Tokyo, by De 
Silva and Koseki (2011). To simulate drained and 
undrained large cyclic behavior of sand, the proposed 
model requires accurate evaluation of the irreversible 
strain component. In doing so, the quasi-elastic 
constitutive model, named IIS model (HongNam and 
Koseki, 2005), was used to evaluate the elastic shear 
strain component. Consequently, in analyzing the 
hollow cylindrical torsional shear test data, the plastic 
shear strain components were obtained by subtracting 
from the measured total shear strain component the 
elastic one. The presence of initial static shear stress was 
introduced in the model by means of a monotonic 
drained shear loading path before the undrained one. 
The two-phase (drained followed by undrained) 
monotonic loading behavior which is defined in terms of 
shear stress vs. plastic shear strain relationship (i.e., 
skeleton curve) was simulated by employing the 
Generalized Hyperbolic Equation (GHE) model 
proposed by Tatsuoka and Shibuya (1992). Based on the 
experimentally obtained skeleton curves, the undrained 
cyclic shear loading behavior was modeled by using the 
extended Masing’s rules while considering: (a) 
rearrangement of particles during cyclic loading (drag 
effect; Tatsuoka et al., 2003); (b) damage of plastic 
shear modulus at large level of shear stress (De Silva 
and Koseki, 2011); and (c) hardening of the material 
during cyclic loading (De Silva and Koseki, 2011). In 
addition, in modeling the undrained cyclic shear 
behavior, it was assumed that the total volumetric strain 
increment during the undrained loading, which consists 
of dilatancy and consolidation/swelling components, is 
equal to zero. An empirical four-phase stress-dilatancy 
relationship, which varies with the amount of damage to 
the plastic shear modulus of the material (De Silva and 
Koseki, 2011), was employed to model the 
accumulation of volumetric strain increment due to 
dilatancy and the generation of pore water pressure 
during the undrained cyclic torsional shear loading. An 
anisotropic over-consolidation boundary surface was 
proposed to introduce the combined effects of over-
consolidation and initial static shear into the model. 
 
Applicability of the proposed model was verified by 
simulating the experimental results that were conducted 
by Chiaro et al. (2011) in order to study the effect of 
initial static shear stress on the undrained cyclic 
behavior of saturated Toyoura sand.  
 
 
2. MODELING OF CYCLIC STRESS-STRAIN 
BEHAVIOR OF SAND WITH STATIC SHEAR 
 
2.1 Modeling of two-phase skeleton curve by GHE 
Monotonic stress-strain relationship (i.e., skeleton 
curve) of sand subjected to torsional shear loading can 
be modeled by using the GHE (Tatsuoka and Shibuya, 












where X and Y are the normalized plastic shear strain 
and the shear stress parameters, respectively. C1(X) and 



















































































All the coefficients in Eqs. (2) and (3) can be 
determined by fitting the experimental data plotted in 
terms of Y/X vs. X relationship. Note that, C1(X=0) is the 
initial plastic shear modulus, while C2(X=∞) represents 
the normalized peak strength of the material.  
 
In this paper, X and Y were defined as follows: 
















pref τγ =  (6) 
where γp = plastic shear strain; τ = shear stress; p’ = 
current effective mean principal stress; p0’ = initial 
effective mean principal stress (= 100 kPa); (τ/p’)max = 
peak stress in the plot τ/p’ vs. γp; G0 = initial shear 
modulus (= 80 MPa). 
 
The plastic shear strain increment (dγp) was evaluated 
by subtracting from the total shear strain increment (dγt) 
the elastic one (dγe): 
 etp ddd γγγ −=  (7) 
The elastic component (dγe) was calculated by Eqs. (8) 
and (9), as formulated in the recently developed quasi-
elastic constitutive model (IIS model) proposed by 
HongNam and Koseki (2005): 














=  (9) 
where G = shear modulus; f(e) = (2.17-e)
2
/(1+e), 
(Hardin and Richart, 1963); f(e0) = initial void ratio 
function at σz’ = σr’ = σθ’ = 100 kPa; G0 = initial shear 
modulus (= 80 MPa); σ’0 = reference isotropic shear 
stress (= 100 kPa); σz’ and σr’ = vertical and radial 
effective stress, respectively; and n = material parameter 
(= 0.508). 
 
In this study, for each test both drained and undrained 
torsional shear loadings were applied while keeping the 
specimen height constant. In fact, a specific amount of 
initial static shear was achieved by applying monotonic 
drained torsional shear loading; subsequently, the cyclic 
behavior of sand with static shear was investigated 
under undrained condition. As shown in Fig. 1, 
comparison of X-Y relationships from drained and 
undrained tests revealed a similar behavior of loose sand 
specimens at the early stage of shearing (i.e., Y < 0.38). 
In view of this consideration and to maintain the 
continuity of strain development during the change of 
loading from drained to undrained, it was attempted to 
model the entire two-phase monotonic loading curve by 
employing a single set of GHE parameters (Table 1). 
Typical simulation results of two-phase skeleton curve 
are shown in Fig. 2.  
Table 1. GHE parameters obtained from undrained monotonic 
shear tests on loose Toyoura sand specimen (e = 0.828). 
C1(0) C1(∞) C2(0) C2(∞) 
35 0.123 0.102 1.2 
mt nt α’ β’ 
0.43 0.43 0.00501 0.92726 
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Figure 2. Typical simulation results of a two-phase skeleton 
curve. 
 
2.2 Modeling of subsequent cyclic loading curves 
Cyclic behavior of soil can be modeled by employing 
the well-known 2
nd
 Masing’s rule. However, due to 
rearrangement of particles, soil behavior does not 
necessarily follow the original Masing’s rule during 
cyclic loadings (Tatsuoka et al., 1997). This feature can 
be taken into account by dragging the corresponding 
skeleton curve in the opposite direction by an amount β 
while applying the Masing’s rule (Masuda et al., 1999; 
Tatsuoka et al., 2003). In this study the following drag 












where D1 = maximum amount of drag; D2 = fitting 
parameter, which is equivalent to the initial gradient of 
the drag function; and X’ = Σ∆X, where ∆X denotes the 
increment of normalized plastic shear strain. 
 
De Silva and Koseki (2011) introduced two conceptual 
factors which take into account the damage (D) of 
plastic shear modulus at large stress level and the 
hardening (S) of the material during cyclic loading: 
























where Dult = minimum value of D; Σ|∆γ
p|p = total plastic 
shear strain accumulated between the current and the 






















where Sult = maximum value of S after applying an 
infinite number of cycles; D1 and D2 are the same 
parameters used in the drag function.  
 
After introducing drag, damage and hardening effects, 
























Drag, damage and hardening parameters employed in 
this study for loose Toyoura sand under constant 
amplitude cyclic shear loading are listed in Table 2. 
 
 
3. MODELING OF UNDRAINED CYCLIC 
BEHAVIOR OF SAND WITH STATIC SHEAR 
 
3.1 Stress-dilatancy relationships 
Volume change in drained shear, which can be 
considered as a mirror image of pore water pressure 
build-up during undrained shear, is one of the key 
parameters that affect the behavior of sand under cyclic 
loading. Change of volumetric strain in different stage 
of loading can be described by the stress-dilatancy 
relationship, which relates the ratio of plastic strain 
increments (-dεpvol/dγ
p
vol) to the stress ratio (τ/p’) 
(Shahnazari and Towhata, 1992; among others). It 
should be noted that, the theoretical stress-dilatancy 
relations, such as Rowe’s equations (Rowe, 1962), are 
derived only for either triaxial (dε2 = dε3 or dε2 = dε1) or 
simple shear (dε2 = 0) loading conditions. Therefore 
they are not directly applicable to the case of torsional 
shear loading. However, the results from cyclic torsional 
shear tests suggest that unique relationships between   
































































Figure 1. Comparison of X-Y relationships for drained and 
undrained tests on loose Toyoura sand.  
Table 2. Drag, damage and hardening parameters.  
D1 D2 Dult Sult 
0.25 12 0.6 1.05 
-dεpvol/dγ
p
vol and τ/p’ exist either for loading (dγ
p
 > 0) 
and unloading (dγp < 0) conditions (Pradhan et al., 1989). 
De Silva (2008) proposed an empirical bi-linear stress-
dilatancy relationship for cyclic torsional shear loading 
which is linked with the damage (D) of plastic shear 

























where Rk and C are the gradient and the intercept of the 
linear stress-dilatancy relationship, respectively; and D 
is the same as the damage factor in Eq. (11). 
 
During cyclic loadings, the effective mean stress (p’) 
decreases with number of cycles and it can be associated 
with two potential mechanisms: (i) the soil is subjected 
to significant effects of over-consolidation until the 
stress state exceeds for the first time the phase 
transformation stress state (Ishihara et al., 1975) (i.e., 
the first time where the volumetric behavior changes 
from contractive to dilative, dp’ > 0); and (ii) soil enters 
into the stage of cyclic mobility. In particular, the over-
consolidation significantly alters the stress-dilatancy 
behavior of sand during the virgin loading and its effect 
evanishes with the subsequent cyclic loading. To 
consider the effect of over-consolidation within a certain 
boundary, Oka et al. (1999) proposed the following 









































 '/'0 ppOCR =  (17) 
 
In the current study, a modification of the equations 
proposed by Oka et al. (1999), which consists of a 
rotation of over-consolidation boundary surface as 
schematically illustrated in Fig. 3, was made to account 
for the combined effects of over-consolidation and 
initial static shear stress on undrained cyclic torsional 
shear behavior of sand. To this purpose, the following 
stress-dilatancy equations were proposed to define an 









































 '/ 0pSSR staticτ=  (20) 
where τstatic = initial static shear stress. Note that, 
whenever SSR = 0 (i.e., τstatic = 0), Eqs. (18) and (19) 
meet Eqs. (15) and (16), respectively.  
 
The proposed anisotropic over-consolidation boundary 
surface has the same features of the one presented by 
Oka et al. (1999) for isotropically consolidated sands, in 
the sense that, it defines the region within which the 
specimen behaves as less contractive while being 
affected by over-consolidation. As well, it takes into 
account the effects of anisotropic consolidation induced 
by initial static shear stress, following the same 
principle of the rotation of yield surface in the stress 
space due to anisotropic consolidation (e.g., Taiebat and 
Dafalias, 2010).  
 






30  Anisotropic OC bound. surface (this study)




































Figure 3. Schematic illustration of original and anisotropic 
over-consolidation boundary surfaces.  
 
3.2 Four-phase stress-dilatancy model 
The stress path during undrained loading was divided 
into four sections namely: (A) Virgin stress path; (B) 
Stress path within the limits of phase transformation 
stress state; (C) Stress path within the limits of over-
consolidation boundary surface; and (D) Stress path 
after exceeding the phase transformation stress state for 
the first time. The schematic illustration of the four-
phase stress-dilatancy relationship is shown in Fig. 4; 
the coefficients and the equations employed for each 




Table 3. Four-phase stress-dilatancy parameters. 
Phase Eq. Rk C D 
A (14) 1.7 0.595 1 
B (14) 2.2* 0.45* 1 
C (18), (19) 2.2* 0.45* 1 
D1 (14), (11) 2.2* 0.36* D 
D2 (14), (11) 0.33* 0.18* D 
*After De Silva (2008) 
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Figure 4. Typical simulation results using the four-phase 
stress-dilatancy relationship. 
 
3.3 Modeling of pore water pressure generation 
In modeling the undrained cyclic shear behavior it was 
assumed that the total volumetric strain increment (dεvol) 
during the undrained loading, which consists of 
dilatancy (dεdvol) and consolidation/swelling (dε
c
vol) 
components, is equal to zero. In fact, a change of mean 
effective stress (p’) during undrained loading causes the 
re-compression/swelling of the specimen; on the other 
hand, a change of shear stress (τ) causes the dilatation of 
the specimen. Therefore the following equation is valid 





vol ddd εεε  (21) 
 
Experimental evidences suggest that the bulk modulus K 
(= dp’/dεcvol) can be expressed as a unique function of 

























where K0 = bulk modulus at reference effective mean 
stress (p0’); f(e) and f(e0) = void ratio function at current 
and reference stress state, respectively; and mk = 
coefficient to model the stress-state dependency of K.  
 
Considering that f(e) = f(e0) in undrained tests, and that 
the volumetric strain component due to consolidation/ 
swelling is the mirror image of the one due to dilatancy 
(dεcvol = -dε
d
vol), the generation of pore water pressure 
during undrained shearing was evaluated as follows: 
 ( ) ( )voldm dppKdp k ε−= '/'' 00  (23) 
In this, -dεdvol was calculated by combining the stress-
strain relationship in Eq. (13) with the stress-dilatancy 
relations in Eq. (14) or Eq. (18). Empirically estimated 
values of K0 = 47 MPa and mk = 0.50 were used for 
loose Toyoura sand (e = 0.828) at an initial confining 
stress state of p0’ = 100 kPa. 
 
3.4 Modeling of initial static shear effects on the 
effective stress path 
The presence of initial static shear widely affects the 
monotonic undrained behavior of sand as well as the 
subsequent cyclic liquefaction behavior (e.g., 
liquefaction resistance, failure behavior, mode of 
residual strain development, etc). As well, under the 
same initial condition of void ratio and effective mean 
principal stress, the peak undrained strength of sand 
during monotonic torsional shearing increases with the 
initial static shear stress (Chiaro, 2010). Herein, the 
presence of initial static shear stress was simulated by a 
monotonic drained loading path before the undrained 
cyclic shearing, with the simplified assumption that no 
change of p’ occurs (i.e., p’ = p0’= constant). 
 
 
4. COMPARISON BETWEEN EXPERIMENTAL 
AND SIMULATION RESULTS 
 
To verify the performance of the proposed elasto-plastic 
constitutive model, the results from a single-element 
numerical simulation were compared with the 
experimental data presented by Chiaro et al. (2011). 
 
4.1 Effective stress paths 
Typical effective stress paths obtained experimentally 
and by numerical simulations are shown in Figs. 5 
through 7. One can see that, in the case of stress-reversal 
loading tests, the model is able to simulate the whole 
liquefaction behavior of sand: specimen first enters into 
fully liquefied state (i.e., p’ = 0) and then shows cyclic 
mobility. On the other hand, simulation results confirm 
that liquefaction does not take place in the case of non-
reversal loading tests in a similar manner as observed in 
laboratory tests. 
 
Note that, stress-reversal loading tests refers to the case 
in which during each cycle of loading the combined 
shear stress value is reversed from positive (τmax = τstatic 
+ τcyclic > 0) to negative (τmin = τstatic - τcyclic < 0), or vice-
versa. On the other hand, non-reversal loading tests 
refers to the case in which the combined shear stress 
value is always kept positive (τmin > 0). 
 
4.2 Stress-strain relationships 
Typical stress-strain relationships obtained 
experimentally and by numerical simulations are 
presented in Figs. 8 through 10. The model is able to 
simulate qualitatively the experimental data up to a 
shear strain levels of about γ = 8 %, before entering a 
steady state (i.e., no further development of strain 
during subsequent cycles of loading).  




















































































Figure 5. Effective stress paths for Tests 2. 
 
 





















































































Figure 6. Effective stress paths for Test 10. 
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Figure 7. Effective stress paths for Test 7. 
 
 






















































































Figure 8. Stress-strain relationships for Test 2. 
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=10 kPa(a) Experimental results
 
 






































=10 kPa(b) Simulation results
 
 
Figure 9. Stress-strain relationships for Test 10. 
 
 





































= 4 kPa 















































Figure 10. Stress-strain relationships for Test 7. 
 
4.3 Resistance against liquefaction 
The resistance against liquefaction (or more strictly, 
resistance against cyclic shear strain accumulation) was 
evaluated in terms of number of cycles required to 
develop a specific amount of single amplitude shear 
strain of γSA = 7.5%, which would correspond to an axial 
strain εa = 5% in case of undrained triaxial tests. 
 
Fig. 11 shows the comparison of experimental and 
simulated liquefaction resistance curves, in terms of 
relationships between the cyclic stress ratio CSR (= τcyclic 
/ p0’) and the number of cycles required to develop γSA = 
7.5%.  
 
Note that, the CSR is not a sufficient single parameter to 
describe the effects of initial static shear on the 
liquefaction resistance of sand (Chiaro et al., 2011). 
Therefore, in Fig. 12, the liquefaction resistance curves 
are also plotted in terms of relationships between the 
static stress ratio SSR (= τstatic / p0’) and the number of 
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Figure 12. Liquefaction resistance curves defined in terms of 
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Figure 11. Liquefaction resistance curves defined in terms of 
cyclic stress ratio (CSR). 
Simulation results are consistent with the experimental 
data. In fact, the resistance against cyclic strain 
accumulation can either decrease or increase depending 
on the level of initial static shear and the amplitude of 





A cyclic elasto-plastic constitutive model is proposed to 
simulate the undrained cyclic torsional shear behavior of 
sand with initial static shear (i.e., sloping ground 
conditions), which leads to liquefaction and/or large 
cyclic shear strain development.  
 
The following characteristics are taken into account in 
the proposed model: (a) the presence of initial static 
shear stress is introduced by means of a monotonic 
drained shear loading path before the undrained one; (b) 
the two-phase skeleton curve (drained followed by 
undrained) is simulated by employing the GHE model; 
(c) the subsequent cyclic stress-strain behavior is 
modeled by using the extended Masing’s rules while 
considering the rearrangement of particles during cyclic 
loading, the damage of plastic shear modulus at large 
level of shear stress and the hardening of the material 
during cyclic loading; (d) the undrained cyclic shear 
behavior is modeled under the assumption that the total 
volumetric strain increment during the undrained 
loading is equal to zero; (e) an empirical four-phase 
stress-dilatancy relationship, which varies with the 
amount of damage to the plastic shear modulus of the 
material, is employed to model the accumulation of 
volumetric strain increment due to dilatancy and the 
generation of pore water pressure during the undrained 
cyclic shear loading; and (f) an anisotropic over-
consolidation boundary surface is employed to account 
for the combined effects of over-consolidation and 
initial static shear stress.  
 
To verify the performance of the proposed elasto-plastic 
constitutive model, the simulated results are compared 
with the experimental data. The model has been found 
to be capable of reproducing all the features of the 
undrained cyclic torsional shear behavior of Toyoura 
sand specimens subjected to initial static shear stress, 
which are evaluated in terms of effective stress path, 
stress-strain relationship and liquefaction resistance 
curves.  
 
The authors recognize limitation of the proposed model 
in dealing with stress-level and density dependency due 
to the use of an extensive number of parameters for a 
single soil type. In fact, for the same sand these 
parameters have to be calibrated separately if variation 
of initial relative density and confining pressure are 
concerned. 
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